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Abstract

This paper, a continuation of a previous one (Iwai 2007 J. Phys. A: Math.
Theor. 40 1361), studies the geometry of multi-qubit entanglement with respect
to bipartite partitions. An n-qubit system (C?)®" is isomorphic with @
C?" = C¥*?" the linear space of 2¢ x 2™ complex matrices, where £ +m = n.
According to the isomorphism, the local transformation group U (2¢) x U (2™)
acts on the space of normalized states in C2*2"_ LetM and G denote the space of
normalized states and the local transformation group acting on M, respectively.
According to the orbit types, M is stratified into strata, among which a principal
stratum and the sets of separable states and maximally entangled states will be
identified. For C € M c C2*?", a function F (C) = det(I — CC™) proves
to serve as a measure of entanglement, where / denotes the 2¢ x 2¢ identity
matrix. The F(C) attains the minimal and the maximal values, respectively, on
the sets of separable states and maximally entangled states, and further takes
no extremal values on the principal stratum. The F(C) projects to a function
on the factor space G\M. A naturally defined metric on M also projects to
that on G\ M, which serves to measure the distance between the separable
states, F~1(0), and the states, F~!(k), of prescribed value k of measure. To
be precise, one has to restrict M to the principal stratum, when projecting the
metric. Three- and four-qubit systems will be studied intensively, and then
multi-qubit systems discussed.

PACS numbers: 02.40.Pc, 03.65.—w, 03.67.—a

1. Introduction

Since concurrence, which is defined to be a measure of entanglement, is closely related with
local transformation groups, invariants for the groups has been intensively studied algebraically
in particular [1-7]. Geometric study of entanglement has also been studied in various ways
[8—12]. This paper, a continuation of a previous paper [13], has an aim to study entanglement
from the viewpoint of Riemannian geometry.

An n-qubit system (C2)®" is isomorphic with C* ® C2" = C2*2", the linear space of
2% x 2™ complex matrices with £ +m = n, according to which the local transformation group
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G := U(2% x U(2™) acts on the state space M = SZM’I, the space of normalized states in
C2 2" For a three-qubit system, one has £ = 1 and m = 2, so that 2t = 2 and 2" = 4,
according to which the local transformation group is given by U (2) x U (4). For a four-qubit
system, there are two partitions such as (¢, m) = (1,3) and (¢, m) = (2, 2), according to
which one has local transformation groups U (2) x U(8) and U (4) x U (4), respectively.

According to the orbit types of the G action, M is stratified into strata, among which a
principal stratum and the sets of separable states and maximally entangled states are identified.
For C € M, a function F(C) = det(I — CC™) proves to serve as a measure of entanglement.
In fact, it attains the minimal and the maximal values, respectively, on the sets of separable
states and maximally entangled states, and further takes no extremal values on the principal
stratum. Since the function F(C) is invariant under the G action, it projects to a function
on the factor space G\M. A naturally defined metric on M, which is invariant under the G
action as well, projects to a metric on G\ M, which serves to measure the distance between
the separable states, F' ~1(0), and the states, F~'(k), of prescribed value k of the measure. To
be precise, one has to restrict M to the principal stratum M, when projecting the metric. It will
be shown that G\ M is diffeomorphic with an open submanifold of the sphere $2"'~1 and that
the metric defined through the submersion M — G\M is isometric to the canonical metric
on $2“'~1. The distance between F~! (0) and F~'(k) is then measured explicitly. Three- and
four-qubit systems will be studied intensively. In particular, all types of orbits of G will be
identified.

The organization of this paper is as follows: section 2 contains setting up for geometric
study of entanglement with respect to a bipartite partition. A measure, F'(C) = det(/ —CC™),
of entanglement and the local transformation group U (2°) x U (2™) are introduced. The state
space M is endowed with a natural Riemannian metric. According to the group action on M,
each tangent space to M is decomposed into a direct sum of vertical and horizontal subspaces,
where the definition of these subspaces will be given in section 2. The decomposition will
be used later for determining the metric on the factor space G\M. Section 3 deals with
three-qubits. The stratification of M = S' by the local transformation group U(2) x U (4)
is fully studied. M is stratified into three strata, among which are there the sets of separable
states and maximally entangled states. The metric on G\ M is discussed in association with
the concurrence 2+/det(CC*) with C € M. Note here that det(CC*) = det(/ — CC*) in
the present case. In sections 4 and 5, four-qubit entanglement is studied according to the
isomorphism (C?)®* = C* ® C* and (C?*)®* = C?> ® C?, respectively. Orbit types are
fully studied, and entanglement is measured by means of the metric on G\M in respective
cases. Section 6 contains the study of multi-qubits. The principal stratum M and the sets of
separable states and maximally entangled states are identified. It will be shown that G\ M
is diffeomorphic with an open submanifold of the sphere $2'~1 and that the metric defined
on it is isometric with the canonical metric on $2" ~!. The distance is measured between
the separable states, F ~1(0), and the states, F~'(k), of prescribed value k of the measure.
Section 7 contains concluding remarks.

2. Setting up

We start with an n-qubit state of the form

V= > e 0e,0--8¢, 2.1
Jiore i €10.1)

2 . .
|7 = 1, and e; are basis vectors of the standard basis of C%. If the
n-qubit state is separable, it is decomposed into a tensor product of ¢-qubit and the other
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m-qubit with £ + m = n. With this in mind, we rewrite W as
\Ij:ZCAKeA®€Ka (22)
AK

where the index A = j;--- jyand K = jy41 - - - je+n are binary integers, and

er=¢e;;® - Qej, ex =€, - --¢€j,,. (2.3)
Then, the map (c o j") = C = (cak) provides the isomorphism
(€ = ", 2.4

where C2*2" denotes the linear space of 2¢ x 2™ complex matrices. Since the state W is
normalized, C is subject to the constraint tr(CC*) = 1. Thus, the state space for an n-qubit
system is expressed as

M = {C e C**?"|t(CC*) = 1}, (2.5)
which is diffeomorphic with the sphere $2'~'. M is endowed with a Riemannian metric
through

(X1, X2) = S 0(XT X0 + X5X)), X1, X, € TeM, (2.6)
where T M denotes the tangent space to M at C,

TeM = {X € C*?" | (C*X + X*C) = 0}. 2.7

Now, the state W is separable in the sense that W is a tensor product of the first £-qubit
and the last m-qubit, if and only if C is of rank 1. On account of the constraint tr(CC*) = 1
and the fact that CC* is positive semi-definite, the matrix CC* is of rank 1, if and only if
det(I — CC*) = 0, where I denotes the 2¢ x 2¢ identity matrix. Since C and CC* have the
same rank, we may take the function

F(C) =det(I — CC*) (2.8)

as a measure of entanglement. By definition, one has F(C) = 0 for the separable states C.
Let A1, ..., Ay be the eigenvalues of CC*. Then, one has F(C) = (1 — Ay)--- (1 — Ap),
which takes the maximal value when all of A ; are equal to one another. In view of this and
the fact that CC* is associated with the partial trace of a density matrix |W)(W| with respect
to last m-qubit, the states on which F(C) takes the maximal value may be called maximally
entangled. However, it is to be noted that the bipartite partition is not unique, so that the
entanglement measure F (C) depends on bipartite partitions. We note further that the function
F(C) is a natural extension of the concurrence. In fact, for three-qubits with (£, m) = (1, 2),
one has det(/ — CC*) = det(CC*), as is easily verified, and the concurrence for three-qubits
is defined to be 2./det(CC*), according to [14].

The group G := U 2H x U@m acting on C¥ ® C?" determines an action of G on
M c C¥ *2" which is described as

C+ gChT, (g, h) e UQRYH x U@2™), (2.9)

where the superscript T denotes the transposition. According to the orbit types of the G action,
M is stratified into strata, among which the sets of separable states and maximally entangled
states are identified. Further, it is easy to see that F(C) = det(I — CC¥) is invariant under
the G action. Hence, F'(C) will project to a function on the factor space G\M. However, we
have to point out that G\ M is not a manifold in general. From the viewpoint of Riemannian
geometry for entanglement measurement, we are interested in the principal stratum M and in
the Riemannian metric on M, which is also invariant under the G action, and then projects to
a metric on G\ M.
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According to the action of G = U 2Y x U@2™) on M, the tangent space TcM is
decomposed into the sum of vertical and horizontal subspaces, where the vertical subspace V¢
and the horizontal subspace H¢ of T¢c M are defined to be the tangent space to the orbit O¢
through C and to be the orthogonal complement to V¢ with respect to the Riemannian metric
on M, respectively. From the definition, V- and H¢ are shown to be expressed as

Ve={6C+Cn" |§ eu"),n eu2™)} = G/Ge, (2.10)
He ={XeTcM|CX*—XC*=0,C*X — X*C =0}, (2.11)

where G and G¢ denote the Lie algebras of the group G and the isotropy subgroup G,
respectively. In particular, we will take up Hc for C € M in section 6 to determine a
Riemannian metric on G\M through the projection M — G\M. The entanglement will be
measured by means of this metric together with the function F projected onto G\ M.

3. Three-qubit systems

3.1. Isotropy subgroups

We work with a three-qubit system with (¢, m) = (1, 2). To study the isotropy subgroup of
G = U(2) x U(4) acting on the state space M C C>**, we decompose C € C>** singularly
into

C =UCV*, (U, V) e UQ) x U4, (3.1)
where
Co = (A,0), A =diag(uy, p2), w1 = po =0, (3.2)

and pu; are the singular values of C. If gCoh™ = Cy for (g, h) € U(2) x U(4), then one has
UgU~'C(VhRVT)T = C. This implies that the isotropy subgroups G, at Co and G¢ at C are
isomorphic to each other. Hence, our task reduces to finding G¢,. Suppose that gCoh” = Cy.
We put 4 in the form, h = (Zl :i) where iy, ..., hy € C**2. Then, we obtain gAh! = A and
gAhT = 0. If det A # 0, then i3 = 0. From the condition hh* = I4, one obtains 4, = 0, and
hihy = h4h} = I,. According to whether jt1 # u, or w; = puo, the condition gART = A
with det A # 0 implies that

g =diage™, ™), =g or geU®, h=@"H" (3.3)
Hence, under the condition det A # 0, according to whether 1| # o or w; = y, one has

e—i91

6, .
g = <e eiﬁz) , h = e . hyaeU(2), (3.4)
hy

or

—IN\T
g e UQ), h:Cg) hJ, he € UQQ). (3.5)

Let det A = 0. Then, one has ; = 1 and u, = 0. We put /4 in the form & = (Z(z’ Zi),

where g € C, hy € C3, hy € C*and h3 € C¥*3. Then, the condition gCoh! = C, yields

eiGI efia,
8=< gg, h:( hJ, hs € UQ3). (3.6)
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Thus, we obtain

U xU) xU®3), if det(CC*) =0,
Ge= {UM) xU() x U(Q2), if det(CC*) #0, ui(C) > ua(C), (3.7
U@ x U, it det(CCY) #0, w1 (C) = pa(C),

where 1 ;(C) denote the singular values of C.

3.2. The tangent space decomposition

We write the vertical and horizontal subspaces, V¢ and H¢, given in (2.10) and (2.11) with
(€, m) = (1,2). We first look into V¢. Since Ve = V¢, = G/Gc,, we deal with G, for Cy
given in (3.2). If det A = 0, equation (3.6) implies that (§, ) € G, is put in the form

o 191 _ _i91
§ = ( 192)’ n= ( Q), & € u(d). (3.8)
Ifdet A = ppp # Oand if g # o, (€, 1) € Ge, proves, from (3.4), to be of the form
) —i6;
191 .
§= < . ) ; n= —i6, , 5 eu(2). (3.9
192 {
2

If det A # 0 and if | = o, (£, 1) € G¢, becomes, from (3.5), of the form
T
£ cu. n=< : Q), & e u). (3.10)

Gc, gives rise to vanishing tangent vectors, § Cp + Con’ =0,in respective cases. Ve, = G/Gc,
is now easy to obtain, but we do not need to give them explicitly.

We now seek for a basis of the horizontal subspace H¢,. Let X € Hc, be of the form
X = (A, B) with A, B € C**2. Then, from CyX — X*Cp = 0, one has A*A = AA and
AB = 0. If det A # 0, one obtains B = 0. From CoX* — XC; = 0, one obtains a similar
equation, AA = AA*. A straightforward calculation then shows that among

2 0 0 —ius 0 Mz)
A= , Ay =|. , Az = , 3.11
: ( 0 —M1> ? (Wl 0 ) ’ (Ml 0 G-AD

Ay or Ay, Ay, As are solutions, depending on whether ; # wy or uy = u,. Hence,
Xi = (A, 0) € He,, if X € Te, M. However, we can easily verify that tr(Cj X+ X Co) = 0,
a condition for X, € T¢,M, k = 1, 2, 3. Thus, we have found that

X1 =(A1,0) € Hg,, if > o,

Xy = (A, 0) € Hey, k=1,2,3, if = po.
In the case of det A = 0, one has A = diag(1,0), so that Cy = (e;,0) € C>** with
er = (1,0)7. Weput Y € Tc,(M) in the form Y = (a, B) with a € C?, B € C¥3. Then,

the equations CjY — Y*Cyp = 0 and CoY* — Y C§ = 0 together with tr(CjY + Y*Cy) = 0 are
solved by

(3.12)

0 0 0
a=0, B_<b1 b m), by € C. (3.13)

Thus we have found a basis of Hc,,
Y1 =(0,e,0,0), Y, =(0,0,e,0), Y3 =1(0,0,0, e),

. . ) (3.14)
Y, = (0,1e,, 0, 0), Ys = (0,0, ie,, 0), Ys = (0,0,0,1ie,).
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Note that if ; = 1, up = 0, then X; = —Y;. It then turns out that
span{X,}, it detA #£0, pi# o,

Hc, = {span{Xi, X», X3}, it detA#0, pu=p, (3.15)
span{Yy, ..., Ys}, if detA =0, orif wu;=1,u, =0.

3.3. The stratification of the state space
According to (3.7), M is stratified into
M = MyU M; U M,, (3.16)

where

My ={C € M| det(CC*) = 0},
My ={C e M| det(CC*) #0, 1 (C) > ua(O)}, (3.17)
M, ={C € M| det(CC*) #0, u1(C) = p2(O)}.
M, and M, are the sets of separable states and maximally entangled states, respectively, with
respect to the bipartite partition (C?)®? = C? @ C*. M, is the principal stratum.

We now study the topology of the strata M,k = 0,1,2. Let C € My. Then, C is
decomposed into C = UCyV*, where (U,V) € U(2) x U(4), and Cy = (Ag,0) with
Ay = diag(1, 0). We put matrices U and V in the form U = (u;, up) and V = (vy, ..., v4),
respectively, where u; € C? and vy, € C*. In this notation, C is expressed as

C = uvi. (3.18)

Since u v} = u, eige’igv’f, and since u; € S € C%, v, € §7 ¢ C%, an equivalence relation
is defined on S* x S7 by

(ur, v1) ~ (ug €, vy ). (3.19)
Hence, we find that
My = S xyay S, (3.20)

which is viewed as a fiber bundle over S* = §3/50(2) with fiber S7. Put another way, the set
of separable states with respect to the bipartite partition forms a submanifold diffeomorphic
with S3 XU() S7.

We turn to M,. For C € M,, one has C = UCyV*, where (U, V) € U(2) x U(4), and
Co = (Ap,0) with Ay, = %diag(l, 1). Then C is put in the form

C = JLEUVZ*, Va = (v1, v2). (3.21)

Since UV} = UWW*V; for W € U(2), an equivalence relation is defined on U (2) x V, (ChH
through

U, Vo) ~(UW, V,W), (3.22)

where V,(C*) = U(4)/U (2) denotes the Stiefel manifold of orthonormal two frames in C*.
Hence, we verify that

My = U(Q2) xy@) Va2(Ch) = V5 (CH. (3.23)

This means that the set of maximally entangled states forms a submanifold diffeomorphic
with V5(C*).
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We take up C € M. Since C = UCyV*, where Cy = (A1, 0) and A; = diag(py, u2), C
is written as

C=U(A,0)V" = puv] + naugvs, M1 > M. (3.24)
Since pu v} + ourvy = iy el e’iglv’f + wou, el 6’1921)’2‘, the equivalence relation
(U, Vo) ~ (Uh, V5h), h = diag(e, %) e U(1) x U(1) (3.25)

is defined on U (2) x V,(C*), where V, = (v, v,) are the same as in (3.21). Hence, we verify
that the orbit through C € M, is expressed as

Oc = U(2) xuyxua) V2(CH, (3.26)

which is viewed as a fiber bundle over S? = U (2)/(U (1) x U (1)) with fiber V>(C*).
To get an idea of the topology of M|, we consider functions

F(C) = det(CC"), f(C) =2y/det(CC¥), (3.27)

which are invariant under the action of U(2) x U(4), as is easily verified. Note also that
det(/ — CC*) = det(CC*) on account of tr(CC*) = 1 in this case, and that f(C) is equal
to the concurrence defined by Coffman, Kundu and Wootters [14]. Now, for Mi, the squared
singular values, one has

2
24+ 13 1 i
det(CC*) = p2u < (“1 2’“) - <§tr(CC*)) =7 (3.28)

where the equality occurs if and only if @ = p,. This implies that the range of F is
0 < F(C) < 1/4,s0that 0 < f(C) < 1. Thus we have found that the concurrence is a
surjective map onto the closed interval [0, 1]:

f:M — [0, 1]. (3.29)
In particular, one has

f(Mo) = {0}, f(My) = {1}. (3.30)

Moreover, for C € M, we have 0 < f(C) < 1.

We now assume that f(Cy) = f(C,) or F(Cy) = F(C,) for Ci,C, € M;. Since
n1(Cp) > ua(Cy) and 1(Cy) > w(Cy), and since tr(C;CY) = tr(C,C;) = 1, one obtains
wi(C1) = ui(Cr), k =1, 2. Hence, C; and C; are expressed as C; = g1 (A, 0)h] and C, =
g2(A 1, 0)h}, respectively, where (g1, h1), (g2, h2) € U(2) x U(4) and A, = diag(uy, 12)
with 1 > wy; > up > 0. From this, it follows that C, = gzgl_lcl(hzhl_l)*, which implies that
C; and C; lie in the same orbit of G = U (2) x U (4). It then turns out that

0,1) = G\M;y, G=UQR)xU®#), (3.31)
where (0, 1) denotes an open interval. Hence,

My = (0, 1) x UQ2) xyayxwa Va(CH. (3.32)
Equations (3.30) and (3.31) are put together to yield the homeomorphism

G\M = [0, 1]. (3.33)
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3.4. Concurrence as a measure of entanglement

We find a metric on (0, 1) = G\M,, which is defined through the projection f : M; — (0, 1)
from that on M| C M. For notational simplicity, we first treat the function F(C) = det(CC*).
Since F(C) is invariant under the G = U(2) x U(4) action, the gradient VF should be
horizontal; (VF)¢ € Hc. We verify this fact in what follows. The gradient VF is defined
through

dF = (VF,dC) = L t((VF)*dC +dC*VF), (3.34)

where dC should be subject to the constraint tr(dCC* + CdC*) = 0. If det(CC*) # 0 or if
C € M,, we obtain, leaving the constraint out of account,

dF = tr(F(C)(CCH~'cdC* +dCF(C)C*(CCH™h. (3.35)

Taking into account the above equations along with the constraint tr(dCC* + CdC*) = 0, we
are allowed to put VF in the form VF = 2F(C)(CC*)~'C + 2AC, where A is a Lagrange
multiplier. A is determined by the condition that V F be tangent to M. A calculation results in
A = —2F(C). Thus, we have found that

VF =2F(C)((CCH™'C —20), C e M. (3.36)

It is now easy to verify that V F satisfies the conditions given in (2.11).

We proceed to study a metric to be defined on G\M; = (0, 1). To begin with, we
calculate (dF)c,(X;) for X; € Hc,, where X is given in (3.12) and Cy = (A, 0) with
Ay = diag(uy, (o). A straightforward calculation provides

AF)c,(X1) = {(VF)¢,, X1), = F(CoV1 = f(Co). (3.37)

For (dF)¢(X1) with X; = UX,V* and C = UC,V*, we have (dF)¢(X1) = (dF)¢,(X1), so
that
AF) (X)) =rv1 —r2, (3.38)

where we have used the fact that f(C) = f(Co) = r. Since f = 24/F,onehasd f = dF/+/F,
and therefore X is pushed forward, by the tangent map f, to a vector field on the interval
0<r<l,

(fe(Xp) =2 1—r288—r. (3.39)
Now, the magnitude of X 1 with respect to the Riemannian metric on M is given by
(X1, Xi)e = (UX,V, UX Ve = (X1, X, = 1. (3.40)
A metric do? is defined on the interval (0, 1) = G\ M, through
o ((f)c(X D), (fde(X ) = (X1, Xi)e = 1. (3.41)

Equations (3.39) and (3.41) are put together to provide
0 ad 0o 0
do?(2vV1—r2—,2y1 = 12— | =41 =) do*( —, — | =1, (3.42)
ar or ar or

which shows that the metric do? is expressed as

dr?

do?= ——.
4(1—r2)

(3.43)
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The length of an interval [ry, o] with 0 < r; < r, < 1 is then given by
1 (= dr 1 : .
3 /rll ﬁ = E(a.rcsm rp, — arcsinry). (3.44)
Letting r; tend to O, we find that O and r is distant by % arcsin r, which implies that the state

C € M with concurrence r = f(C) is distant by %arcsinr from the separable states with
respect to the Riemannian metric on M.

3.5. A summary of section 3

Proposition 1. With respect to the bipartite partition, (C*)®3 = C> @ C* = C>*4, of the
three-qubit, the state space M is stratified into three strata, according to the orbit types
for the G = U(Q2) x U(4) action. Two of the strata are the sets of separable states and
maximally entangled states and the other the principal stratum. The sets of separable
states and maximally entangled states are diffeomorphic with s3 XU S7 and with V5(C%),
respectively, and the principal stratum M (= M) is the direct product of the interval (0, 1)
and U (2) Xymyxu ) Vo (C*). The metric defined on the factor space G\M = (0, 1) is given
by (3.43) in terms of the concurrence r = 2./det(CC*) with C € M C C>**. It then turns
out that the state C with concurrence r is distant by % arcsinr from the separable states.

4. Four-qubit systems: I

For a four-qubit system (C2?)®4, there are two inequivalent isomorphisms, (C?)®* =~ C* @ C*
and (C?)®* =~ C? ® C?, with which sections 4 and 5 are concerned, respectively.

4.1. Isotropy subgroups

We study the isotropy subgroup of G = U (4) x U(4) acting on the state space M given in
(2.5) with (£, m) = (2,2). The singular decomposition of C € M C C*** takes the form
C =UCyV*, where Cy = diag(uy, ..., 1uq) and (U, V) € U(4) x U(4). Since the isotropy
subgroups at Cyp and C are isomorphic to each other, the types of isotropy subgroups are
determined at Cy. Our task is then to solve the equation

gCoh" = Cy, Co = diag(ur, - .., pHa), (g, ) e U@ xUM#), 4.1
according to the types of the diagonal matrix Cy.

(1) 1 > pa > ps > pg >0
Solutions to (4.1) are expressed as

g = diag(e, ..., %), h=g ' =diagle™,...,e7 %), (4.2)
and the isotropy subgroup proves to be
Ge, =U() xU) xU1) xUQ). 4.3)

(2) w1 > p2 > pz > g =0
Solutions to (4.1) are put in the form

g = diag(e”, e, &, &), h = diag(e ™, e, e7, ¢'%), (4.4)
so that
Ge,=U1) x U() x U(1) x U(1) x U(1). 4.5)
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G ur=p2>pu3>pa >0, 1 > po=pus > pna >0, 01 > p2 > puz = pa >0
In the case of ;| > (o > 3 = g > 0, solutions to (4.1) are given by
it =it
g = el , h = e i , keU(Q), (4.6)
k k
which implies, in the respective cases in question, that
Ge,=U(1) xU(1) x UQ2). 4.7)
@) mr > p2 > p3=ps =0
Solutions to (4.1) are put in the form
et it
g= el , h= e ; ki, ky € U(2), (4.8)
k[ k2
which implies that
Ge, =U() xU) xU®2) xU(2). 4.9)
G mi=p2>p3>pns =01 >pr=pus>pus =0
We take the case of ;t; = p > 3 > s = 0. Solutions to (4.1) are of the form
k k
g = et , h = e i , ke U(Q), (4.10)
ei02 6193
and hence, in the present two cases, one obtains
Ge,=UQR)xU) xU1) xU(Q). 4.11)
©6) w1 =p2 > pu3 =g >0
Solutions to (4.1) take the form
k k
g=("" : =" _), ki ky € U(Q2), (4.12)
ky ko
so that
Ge, =2UR)xU(Q2). (4.13)
(D pr=p2>pu3=pus =0
Solutions to (4.1) are written as
k k
g= ( ) = ( ) k, g, hy € U(2), (4.14)
82 ha
which implies that
Ge,=UQR)xUQR) xU(Q2). (4.15)
@ ur=p2=pn3>pns >0, 1 > pr=pus=pus >0
In the case of 1 > wy = w3 = g > 0, solutions to (4.1) are of the form
it o1t
= = — 4.1
8 ( k3), h ( k3), keUB), @16
and the isotropy subgroup in each case under consideration proves to be
Ge, =2U() xUQ). 4.17)
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) i =pr=pu3 > pgy =0

Solutions to (4.1) takes the form
(ks _ (ks
g= ( eieu> , h = ( ei"z) , ks € U(3), (4.18)

Ge,=2UQ@B)xU(() xU(). (4.19)

so that

(10) w1 > po =3 =g =0

Solutions to (4.1) turn out to be

ot o0
g = ( ) , h = ( ) , g3, h3 e U3), (4.20)
g3 h3

which provide

Ge, =2U() xUQB)xUQ). 4.21)

A w1 =p2 =pz = pa = 1/2

4.2.

As is easily seen, the isotropy subgroup is
Ge, =2UM4). (4.22)

Orbits

According to the types of isotropy subgroups listed in section 4.1, the state space M is stratified
into strata on which orbits are of the same type. There are as many orbit types as those of the
isotropy subgroups. Since orbits O¢c = G/G¢ and O¢, = G/ G ¢, are diffeomorphic with each
other, where C = UC,V* with (U, V) € U(4) x U(4) and Cy = diag(uy, ..., 4), We treat
Oc, in what follows. To describe Oc,, we occasionally put the unitary matrices g, h € U(4)
in the form ¢ = (w1, ..., u4) and & = (vy, ..., v4), respectively, where u; - ux = 6 and

’Uj'

ey

(@)

Vi = 8jk.

M1 > p > 13 > g >0 .

The orbit through Cy is expressed as gCoh™. Since gDCy(hD)T = gCoh™ for D =
diag(elg‘ ..., e™) e U)*4, an equivalence relation is defined on U (4) x U (4) by

(gD, hD) ~ (g, h), D e U(1)**. (4.23)
This implies that the orbit through Cy is described as a factor space,
U4 xyay« U@), (4.24)

which is a fiber bundle over a flag manifold U (4)/ U (1)** with fiber U (4), where U (1)**
is the maximal torus of U (4).
M1 > o > 3 > g =0
The orbit through Cy is expressed as gCoh’ = piuiv] + pousv) + uausvl. Since
each ugv! is invariant by the U (1) action (i.e., ui €% e ¥ v! = w;vl'), an equivalence
relation is defined on V3(C*) x V3(C*) through

(Us D3, V3D3) ~ (Us, V3), (4.25)
where Uz = (w1, us, u3), V3 = (v, v2, v3) and D3 = diag(e'”', e, ¢i?), and V3(C*)
denotes the Stiefel manifold of orthonormal three frames in C*. Thus, the orbit is
expressed as

V3(CY) xyays V3(C, (4.26)
which is a fiber bundle over the manifold V3(C*)/ U (1)*3 with fiber V3(C*).
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3

“)

)

(6)

)

M=o >3 > g >0, > o =3 > g >0, 01 > po > u3 = pa >0

In the case of u; > @y > w3 = pa > 0, the orbit through Cy is put in the form
gCohT = ,ululvlT + MgUzva + U2V2T, where U, = (usz, wq), Vo = (v3, v4). Since
wy e (v e ) = wyv! and since Usk(Vak)" = U,V for k € U(2), an equivalence
relation is defined on U (4) x U (4) through

('u,l, us, Uz, v, Uy, Vg) ~ (u1 Ciel , U Cigz, ng, U1 e_iol , U2 e_igz, ng), (427)

where (u, uy, Uy) € U4) and (v, vy, Vo) € U(4). Hence, in the three cases in
question, the orbit space is expressed as

U4 xumxvmxue U@), (4.28)
which is a fiber bundle over the manifold U (4) /(U (1) x U (1) x U (2)) == V,(C* /(U (1) x
U (1)) with fiber U (4).
M1 > po > 3 =pus =0
The orbit through Cy is expressed as gCoh” = pwiujv] + woupv}, which determines an
equivalence relation on Va2 (C*) x Vo (CH through

(uy €, up e, vy e vy e ) ~ (uy, u, vy, v2). (4.29)
Hence, the orbit is diffeomorphic with

Va(CY xyyxum V2(CH, (4.30)
which is a fiber bundle over the manifold V,(C*)/(U (1) x U (1)) with fiber V,(C*).
Mr=p2 >3 > s =0,01 > po=pu3z > pus =0
We take the case of ;1 = wy > 3 > ug = 0. Then, the orbit through Cy is expressed as
gCoh™ = iUV + pausvl, where Uy = (uy, ua), Vo = (v, v). This determines an
equivalence relation on V3(C*) x V3(C*) through

(Usk, uz e, Vak, v3e™) ~ (Uz, us, Vo, v3),  (k,e”) € UQ2) x U(D), (4.31)
and hence the orbit is expressed, in each case in question, as
V3(CH xu@xua V3(CH, (4.32)

which is a fiber bundle over V3(C*%) /(U (2) x U (1)) with fiber V3(C*).

M1 =2 > 3= s >0

The orbit through Cy takes the form gCoh” = U,V + usUs(V5)T, where U, =
(ur, u2), Uy = (u3,uy), Vo = (v1,v2) and V; = (v3, v4). Hence, an equivalence
relation is defined on U (4) x U (4) through

(Uzky, Usks, Voky, Voka) ~ (Ua, Uy, Vo, V), (ki ko) € U(2) x U(2), (4.33)
so that the orbit is put in the form
U@) xyoxve U@4), (4.34)

which is a fiber bundle over the Grassmann manifold U (4)/(U (2) x U(2)) = G»(C*
with fiber U (4).

pir=p2>p3=ps=0

The orbit through Cy takes the form gCoh” = 11U, V,!, which determines an equivalence
relation on V5(C*) x V,(C*) through

(Uak, Vok) ~ (Ua, V»), ke UQ). (4.35)
Hence, we have the orbit
V2(CY) xpe) Va(CY), (4.36)

which is a fiber bundle over the Grassmann manifold V,(C*)/U(2) = G,(C*) with
fiber V,(C%).
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@ ui=p2=pn3>ps >0, 1 > pr=pus=pus >0
We treat the case of u; = o = u3 > pg > 0. The orbit through Cy is given by
gCoh™ = U3V + pausvl, where Us = (uy, ua, u3) and V3 = (v, vz, v3). Then,
an equivalence relation is defined on U (4) x U (4) through

(Us, wa, Vs, v4) ~ (Ush, use?, Vsh,vse ), (h,e) e UB) x U(1), (4.37)
where (Ui, u4) € U(4) and (V3,v4) € U(4). In each case in question, the orbit is
expressed as

U@) xyayxum U#4), (4.38)
which is a fiber bundle over the Grassmann manifold U 4)/(U (3) x U(1)) = G3(C*

with fiber U (4).

O pi=pr=p3>pus =0
We have the orbit of the form gCoh” = 11, U; V3T. An equivalence relation is then defined
on V3(C*) x V3(C*) through

(Usks, Vzks) ~ (Us, V3), ks € U(3), (4.39)
so that the orbit is described as

V3(CY) xu@) V3(CH), (4.40)
which is a fiber bundle over the Grassmann manifold V3(C*) /UQ3) = G; (C*) with fiber

V3(CH).
(10) 1 > p2o=p3 =pus =0
The orbit through Cy = diag(1, 0, 0, 0) proves to be gCoh” = ulvlT. Since |ui| =

|vy| = 1 and since u; e’e ?v! = u v, we have the equivalence relation

(ur, v1) ~ (ure’,vie™) (4.41)
on the product space S7 x S7. The orbit through Cy is then diffeomorphic with
S7 XU S7, (442)

which is a fiber bundle over S7/U (1) = CP? with fiber S”.

A pr=pr=ps=ps =1/2
The orbit through Co = 17 is the set of all gCoh” = gh” with (g, h) € U(4) x U(4),
which is diffeomorphic with U (4). The orbit is then

U4) xyay UA) = U®4). (4.43)

Among those orbits obtained above, we have found the sets of separable states and
maximally entangled states with respect to the isomorphism (C?)®* = C* ® C*, which are
diffeomorphic with S7 x (1) S7 and U (4), respectively.

4.3. The tangent space decomposition

The dimension of the vertical subspace Ve = G/G¢ depends on the types of the isotropy
subgroups G¢. Since we have already obtained the isotropy subgroups, we can easily discuss
Ve = G/Gc, but we will not look into V.

We turn to the horizontal subspaces H¢. If C and Cy = diag(uy, ..., (t4) are sitting on
the same orbit of G, H¢ and H, are isomorphic to each other. In view of this, we find H,
by solving the equations

A*Co = CoA, ACy = CyA*, A e CP4, (4.44)
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These equations are written componentwise as ayjjx = i jaj; and ajipy = wjag;. We will
give solutions only for several types of singular values.
If ) > pp > s > g > 0, solutions to (4.44) prove to be

A = diag(ay, ..., as), Gi=an,k=1,...,4. (4.45)

Since A is tangent to M at Cy, A should satisfy the condition tr(A*Co + CjA) = 0, so that g;
should be subject to

4
> a = 0. (4.46)
k=1

There are three linearly independent solutions satisfying the above condition, and therefore a
basis of Hc, is given, for example, by

X, = diag(ua, —p1, na, —i43), (4.47)
X, = diag(us, —pa, — 1, 12), (4.48)
X3 = diag(ug, 3, —p2, —f1). (4.49)

As is easily verified, these vectors are orthogonal to one another with respect to the Riemannian
metric on M:

(Xi Xj)eo = 5 (X X + X7 X)) = 8. (4.50)
In the case of 1 > wr > w3 > g = 0, we obtain, in place of (4.45),
A=diag(a1,a2,a3,a4+ia5), aj =daj, ]= 1,...,4,5. (451)

The tangential condition tr(A*Cy + CjA) = 0 results in the same equation as (4.46). In
addition to (4.47)—(4.49), we have another horizontal vector independent of them,

X, = diag(0, 0,0, i), i= /1. (4.52)

The set of vectors X, X», X3, X4 forms a basis of H¢, at Cyp = diag(u1, (2, n3, 0) with
1> po > p3 > 0.

In the cases of g > o > 3 = g4 > 0and g > uy = w3 = g > 0, the condition
ajrix = pjdg; implies that a;; = a;; for j = 1,2 and aj; = ay; for j,k € {3,4} and
that a;; = a;; for j = 1 and a;; = ay; for j, k € {2, 3, 4}, respectively. In both cases, the
condition tr(A*Co + CjA) = 0 provides > awir = 0. Hence, the horizontal vectors are,
respectively, expressed as

axs az a4

a
u 4
2 _
A= . ap = ag, ape =0,y > o > puz = pg > 0,
az  az kX:I:
asy  ay
(4.53)
and as
ay 4
ay a3z dxg _
A= L w=a. Y agu=0. > py=ps= > 0.
k=1

dxs A3 a4
(4.54)
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4.4. Measurement of entanglement

According to the orbit types discussed in section 4.2, M is stratified into strata. The set of C
such that all the singular values w;(C) are positive and distinct is a principal stratum, which
we denote by M. The factor space G\ M will prove to be diffeomorphic with

4
doxi=lx > > x>0, (4.55)

Py = {m = (xx) € R*
k=1

which is an open submanifold of the sphere S* C R*. The projection map is given by
w3 i M — G\M = P3; C > p(C) = (m(C)), (4.56)

where p(C) denote the vector consisting of the singular values of C with u;(C) > 2 (C) >
13(C) > na(C) > 0. As is easily seen, this map is surjective onto P;. We now assume that
wn(Cy) = u(Cy) forCy, C; € M. Then, there exists (g1, h1), (g2, ho) € U(4) x U (4) such that
Ci=g Coth, Cy = ngohzT , where C is the diagonal matrix with singular values as diagonal
elements. These equations imply that C; and Cj; lie in the same orbit of G = U(4) x U (4)
through Cy. Hence, the inverse image of p € Ps is an orbit of G, which implies that

G\M = P;.

We are interested in a metric to be defined on G\ M. From (4.45) and (4.46), the horizontal
subspace Hc, at Co = diag(u1, .. ., ptq) with g > -+ > g > 0 and Zj’:l p,i = 1 is given
by

4
Hc, = { diag(ai, ..., as)|a; € R, Y pja; =0¢. (4.57)
j=1

Since the horizontal subspace Hc = Hc, projects 1somorphlcally onto the tangent space to
the factor space G\M at 3(C), and since the metric on M is invariant under the action of
G = U(4) x U(4), the metric on M projects to that on G\M through

do?((m3)e (X)), (T30 (X)) = (X, Xi)e = (X, Xi)ey = Sk (4.58)

where X j =UX;V*with C = UCyV* and X are tangent vectors given in (4.47)-(4.49). In
view of (4.57) and (4.58), the metric do'? is also written as

4 4
1
= tr(dCodCy) = Y du?, 5 (dCoCy + CodCh) = > i dp; =0, (4.59)
j=1 j=1

where dCy = diag(djy, . .., dus). In other words, the metric do? defined on G\M is nothing
but the metric on P; induced from the standard metric on S°. We note that the metric on P3
can be extended to the closure P53 of P;.

As was stated in the introduction, the function F (C) = det(/ — CC*) serves as a measure
of entanglement. As is easily verified, the range of F is 0 < F(C) < (3 /4)4. In particular,
for the separable and maximally entangled states, we have F(C) = 0 and F(C) = (3/4)%,
respectively. In view of this, we may define the concurrence of C tobe f(C) = (4/3)F(C)'/*.
Then, the range of f becomes 0 < f(C) < 1. However, we work with F(C) for simplicity.

Since F is invariant under the G action, it projects to a function F on P3 through
F (u(C)) = F(C). The sets of separable states and maximally entangled states are mapped to
e; =(1,0,0,0)" and (3,1, 1,1 —)T by 73, respectively, which are located in the boundary of
P;. We wish to measure the distance between e; and the level set F! (k) with0 < k < (3/4H)*.
Since the metric on P 5 C S? is the standard one, the distance between e; and € P3 is given
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by arccos(e; - ) = arccos xj, so that the distance in question is determined by minimizing
arccos x1. Put another way, our problem is reduced to the following:
4
.. . 2 = _
maximize xi, subject to ij =1, F(x) =k, (4.60)
j=1

where we have not taken into account the restriction x; > x, > x3 > x4 > 0, which will be
considered soon after. Introducing Lagrange’s multipliers A and u, we work with the function

4
A r Y oxr =1 (=) (1= x7) — k). 4.61)
j=1
The condition for this function to take an extremum is easy to write after differentiation, from
which we can find that x, = x3 = x4, a condition subject to the restriction stated above. When
this occurs, one has x7 + - - - + x7 = x7 + 3x3 = 1, so that

k=(1-x2)(1-x3) =3:3(1 - %3)°, (4.62)

which determines x; as a function of k. There are two solutions, x3 (k) and x; (k), to the above
equation in general, where x; (k) is greater than or equal to 1/2 and x; (k) less than or equal

to 1/2. For these values, we have xf (k) = /1 — 3(x;(k))’. This implies that x; (k) yields

the maximum, x; (k), of xy, so that the distance is given by

arccos /1 — 3(x; (k))2, (4.63)

where x, (k) denotes the smaller one of solutions to (4.62). In particular, if x; (k) = 1/2 with

k = (3/4)*, we have the distance arccos /1 — 3(x; (k))? = arccos(1/2) = m/3, which is the

. T .
distance between e; and x = (%, el %) . In other words, the distance between the separable

states and the maximally entangled states is 7 /3 with respect to the canonical Riemannian
metric on the state space.

4.5. A summary of section 4

Proposition 2. With respect to the bipartite partition, (C?)®* = C* @ C* = C*4, of the
four-qubit, the state space M is stratified into eleven strata, according to the orbit types of the
G = U4) x U(4) action, as is listed in section 4.2. Two of the strata are the sets of separable
states and maximally entangled states, which are diffeomorphic with S” xyy S7 and U (4),
respectively. The orbit space G\M for the principal stratum M is diffeomorphic with an open
submanifold P of the sphere S3, where Ps is given by (4.55). As is given in (4.59), the metric
defined on Pj through the submersion ms : M — P is isometric with the canonical metric on
the sphere S3 restricted to P3. Let F(C) be the entanglement measure defined in (2.8) with
C € M C C***. This metric can serve to measure the distance between the level sets F~' (k)
and F~1(0), where 0 < k < (3/4)* and F~1(0) is the set of separable states. The resultant
distance is given in (4.63).

5. Four-qubit systems: II

5.1. Isotropy subgroups

The group G = U(2) x U(8) acts on the state space M for a four-qubit system in the manner
(2.9) with (¢, m) = (1, 3). Isotropy subgroups can be found in a similar manner to that in
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subsection 3.1. Like (3.7), the isotropy subgroups are classified into three types:

Ul x U(l) x U®7), if det(CC*) =0,
Ge= lU) x U(1) x U(6), if det(CC*) #£0, ui(C) > pa(C), 5.1
UQ2) x U(6), it det(CC*) #0, u1(C) = u2(C),

where 1 (C) denote the singular values of C.

5.2. Orbits

According to the types of isotropy subgroups listed above, the state space M is stratified into
strata. Orbit types are also classified accordingly. As in the preceding cases, we have only
to find the orbit through Cy = (A,0) € C>8 A = diag(ue1, n2), for each type of A. In
what follows, we occasionally put the unitary matrices g € U(2),h € U(8) in the form
g = (uj, up) and h = (vy, ..., vg), respectively, where u; - uy = 6% and v, - v, = Sgm.

(D gy > p2>0

The orbit through C is expressed as gCoh! = wiuiv! + pourvl. Since uiv] =

up e e ol and upv! = w,ye®” e %ol one can define an equivalence relation on

U(2) x V»(C?®) by
(w1, U, vy, v2) ~ (ug e, Uy, vy e, vy e, (5.2)
Thus the orbit space is put in the form

U(Q2) xumyxum Va(CY), (5.3)

which is a fiber bundle over the sphere S? = U (2)/(U (1) x U (1)) with fiber V,(C?).

() w1 =2 =1/v2

The orbit through Cy is given by gCoh” = \%UVzT, where U = (u;, uy) and V, =

(v1, v2). From this, an equivalence relation is defined on U (2) x V,(C?) through
(Uk, Vok) ~ (U, V), keU(). (5.4)
Hence, the orbit is put in the form

U(Q2) xy@ Va(C*) = V5(CY). (5.5)

G ur>p2=0
The orbit is expressed as gCohT = ulvlT, which determines an equivalence relation on
§3 x S' through
(uie”, v1e™) ~ (ur, vy), (5.6)
so that the orbit is written as

S xyay 8P, (5.7)

which is a fiber bundle over the sphere S? = §3/U (1) with fiber §1°.
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5.3. The tangent space decomposition

From the isotropy subgroups obtained in subsection 5.1, the vertical subspaces Ve = G/G¢
are easy to obtain. We will not look into respective types of V. We turn to the horizontal
subspaces Hc = Hc,. To find basis vectors of H¢,, we have to solve the equations

X*Cy = CoX, XCo = CoX"*, (5.8)
where
Co = (A, 0), A = diag(p1, p12), 0 e C*°. (5.9

The calculation results in the following: suppose det A # 0, and let

2 0 0 —ius (0 /Lz)
: (0 —Ml) ? (llLl 0 ) ’ ur 0 (>-10)

Then, a basis of horizontal vectors is given by

X1=(A1,0)€HCO, if M1 >/J,2>O, (51161)
Xi = (Aw.0) € He,, k=1,2,3, if g = #0. (5.11h)

If det A = 0, 14 independent vectors are found as in (3.14).

5.4. Measurement of entanglement

Discussion runs in parallel with that in section 4.4. The set of C such that i (C) > u>(C) > 0
is the principal stratum in M, which we denote by M. The factor space G\M proves to be
diffeomorphic with

2
P = q;:(_xj)eRz ijz.:l,x1>x2>0 s (5.12)
J=1

which is part of the circle S' C R?. The projection map is given by
m:M— P=G\M;C+ u(C) = (u;(C)), (5.13)

where 1(C) denote the vector consisting of the singular values of C with i (C) > u,(C) > 0.
The proof runs in parallel with that in subsection 4.4.

We are interested in a metric to be defined on G\M. As is seen already, the horizontal
subspace H¢, at Co = (A, 0) with A = diag(uy, u2) and pu; > wp > 0 is spanned by X,
givenin (5.11a). If Cy and C are sitting in the same orbit, H¢, and H¢ are isomorphic to each
other. Since the horizontal subspace H¢ projects isomorphically onto the tangent space to the
factor space G\ M at 7r;(C), the metric on M, which is invariant under the G = U (2) x U (8)
action, projects to G\ M, and is expressed, like (4.59), as

2 2
tr(dCodCy) = Y " dpu?, tr(dCoC + CodC3) = S “p;du; = 0. (5.14)
0 j 0 0 jar

j=1 j=1

In other words, the metric defined on the factor space is nothing but the metric on P; induced
from the standard metric on S'. The metric on P; can be extended to the boundary of
P;. If we introduce the parameter 6 by x; = cosf,x, = sinf with 0 < 0 < %, the
induced metric is expressed as d6?, which is a trivial fact. We introduce the concurrence r



The geometry of multi-qubit entanglement 12179

by r = 24/det(CC*) = 2x,x;, where we have to note that det(/ — CC*) = det(CC™) in this

case. Thus, the metric on P turns out to be put in the form
dr?

T a1 =r2y

which is the same as that in (3.43). The distance between the separable states and the states

of concurrence r is of course given by 6 = % arcsinr.

do? (5.15)

5.5. A summary of section 5

Proposition 3. With respect to the bipartite partition, (C*)®* = C> ® C? = C>*¥, of the four-
qubit, the state space M is stratified into three strata, as is listed in section 5.2, according to
the G = U(2) x U(8) action. Two of the strata are the sets of separable states and maximally
entangled states, which are diffeomorphic with S* xy ) S'° and V5(C®), respectively. The
orbit space G\M of the principal stratum M is diffeomorphic with an open submanifold P
of the circle S', where Py is given in (5.12). The metric defined on P through the submersion
7w M — Py is isometric with the canonical metric on the circle S' restricted to P;. If
one introduces the concurrence by r = 2./det(CC*), the metric takes the form of (5.15), like
(3.43). The distance between the separable states and the states of concurrence r is then given
by 6 = % arcsinr.

6. Multi-qubit systems

6.1. Some of isotropy subgroups and orbits

The isotropy subgroups of G = U (2%) x U(2™) are determined by the types of singular
values. For simplicity, we here take up only three types of singular values such as (i) u; >

Mo > o> poe > 0, (i) 1 > po = -+ = ppe = 0and (iil) uy = pp = -++ = py. The
singular decomposition of C is put in the form
C=UCyV*, (U, V)eUQR2YH xU@2™), 6.1)
where
Co=(A,0), A = diag(uy, ..., puoe). (6.2)
Like (3.7), we obtain isotropy subgroups
UM xU@" =2, O e
Ge, = (UM xUR =) xUQR™"-1), (i) 1 >pr=---=py =0, (6.3)
UQRH xu@em-2Y, (i)  py = po =+ = por.

According to the above isotropy subgroups, we can obtain the orbits, in the same manner
as in subsection 5.2, as follows:

() UQR" Xy Va(C), (6.4)
() 2 sy s 6.5)
(i) UQ2Y xyae Var(C?) = Ve (C*). (6.6)

Among the above, the second and the last ones are the sets of separable states and maximally
entangled states, respectively.
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6.2. Measurement of entanglement

We are interested in the principal stratum M which is the set of C whose singular values are
subject to 1 > (p > - -+ > o > 0. Then, like (4.55) and (4.56), it turns out that

2@
ijz.zl,x1>-~->x2z>0 , (6.7)

j=1

M — P=G\M;C > pu(C) = (1;(C)). (6.8)

G\M=P:={x=(x;) cR”

Like (4.57) and (5.11a), the horizontal subspace at Cy is given by
2[
A:diag(al,...,azz),ajeR,Zaj,ujzo , (6.9)
j=1

He,={X=(A,0)eC

where £ < m. Since the metric on M is invariant and under the G action, a metric on G\ M is
defined, like (4.58), through

do’(m. X, m.Y) = (X, Y)c, X,Y € He. (6.10)

Since Hc = Hg, if C and Cy are sitting in the same G orbit, the metric on G\ M is put in the
form

2t 1 2t
do? = tr(dCodCy) = Y du3, 5 r(CdC* +dCC) = > wjdu; =0, (6.11)

j=1 j=1

which is the standard metric on the sphere S 271 restricted to P.

We take up the measure function F(C) defined in (2.8). As is easily verified, the range
of Fis0 < F(C) < ((2°=1) /2‘3)25. In particular, the separable and the maximally entangled
states are assigned to the minimum and the maximum of F, respectively.

Since F is invariant under the G = U (2%) x U (2™) action, it projects to a function FonP
through F(M(C)) = F(C). The set of separable states is mappedtoe; = (1,...,0)7 € Fby
7, which is located in the boundary of P. In what follows, we measure the distance between
e; and the level set F~!(k) with 0 < k < ((2¢ — 1)/2%)? in a similar manner to that for
four-qubits. Since the metric on P c S2"'~1is the standard one, the distance between e and
xzePis given by arccos(el- x) = arccos x1, so that the distance in question is determined

by minimizing arccos x; on F~!(k) C P. In other words, our problem is reduced to solving
the problem

2t

maximize x; subject to ij. =1, F(x) =k, (6.12)
j=1
where we do not take into account the restriction x; > --- > xp¢ > 0 for the time being.

Introducing Lagrange’s multipliers A and w, we consider the function
2[
aAr Yo x = (=) (1= x5) — k). (6.13)
=1
By differentiation, we can find that necessary conditions for the above function to attain an
extremum are x, = - - - = X,¢, conditions satisfied on the boundary of P. When the extremum
occurs, one has x{ + - -+ +x3, = x7 + (2 — Dx3 = 1, so that

k=(1—-x)(1-22)" " =@ - )31 —x2)* ", (6.14)
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which determines x, as a function of k. There are two solutions, x3 (k) and x, (k), to the
above equation in general, where xj (k) > x, (k). For these values, we have xli(k) =

\/ 1 —(f - 1)(x2i(k))2. This implies that x; (k) yields the maximum, x (k), of x;, so that
the distance is given by

arccos \/1 -2 =D (k))2, (6.15)

where x, (k) denotes the smaller one of solutions to (6.14). In particular, if k =
(2' = 1)/29)%, then xF(k) = 272, and thereby equation (6.15) becomes arccos2~¢/2,
which provides the distance between the set of separable states and the set of maximally
entangled states.

6.3. The gradient vector of the measure function

To investigate the monotone of the measure F of entanglement, we wish to study the gradient,
VF,of F. As is easily verified, with the constraint tr(CC*) = 1 out of account, the differential
of F is given, for C € M, by

dF = —F(C) tr((I — CC*)~1(CdC* +dCC™)). (6.16)

On account of the constraint tr(CC*) = 1, the tangential component of dF to M is put in
the form dF + k tr(CdC* + dCC*), where k € R is a Lagrange multiplier. The gradient
vector VF should then take the form VF = —2F(C)(I — CC*)~'C + 2« C. k is determined
by the condition that VF be tangent to M, tr(C*VF + (VF)*C) = 0, which results in
k = F(C)(tr(I — CC*)~! — 2%, so that one obtains

VF =2F(C)(—(I — CCH7'C + (I — CcC*H™H = 29H0), CeM. (6.17)

We can easily verify that VF is horizontal; C(VF)* — (VF)C* = C*(VF) — (VF)*C = 0.

To describe VF more explicitly, we have to evaluate tr(/ — CC*)~'. We here use the
singular decomposition C = UCyV* with Cy = diag(ii1, ..., u) and (U, V) € U2%) x
U@2™). Since U™'(I — CC*U =1 — CyCy, onehas U~ (I — CC*)™'U = (I — CoCH) ™,
so that

24’
1
tr((I — CCH™M =tr((I = CoCH ™ = ) 6.18
(( ) h = = o™ ;1_M3 (6.18)
‘We here consider the function
F(C) =det] — CC*) = (A — ui) -+ (A — u3)s (6.19)

where X is a parameter. Taking the logarithm of this function and differentiating it with respect
to A, we obtain

dx A—

d 1
— log F,.(C) = Z . (6.20)
j Hj

It follows from (6.18) and (6.20) that
L F,(C)

. F.(O) (6.21)

tr((I —CC*H ™Y = % log F;,.(C)

A=1
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In particular, VF is evaluated at C as

VF(Cy) = —2F(Co)diag< ad S M2«2>
1- 1251 1- /’Lzé
d .
+ (2 ROl 2“1F(C0)>d1ag(m, Y (6.22)
r=1
Since
d 2 F(Co)
0
—F(C = , 6.23
TR O)H ;1_% (6.23)

equation (6.22) turns out to be expressed as

VF(Cy) = 2F(Cp)diag (Z

- 2‘) we | (6.24)
J#k

1—,[1,?

Since V F(C) is horizontal, it projects to a vector field on the factor space G\ M. From
(6.24), we obtain
T

~ 1
7. VF(Co) = 2F () <Z1— 2—2‘)uk , k=1,...,2% (6.25)
J#k J

where 1 are viewed as the Cartesian coordinates of R2. It is easy to verify that the right-
hand side of the above equation is tangent to P given in (6.7). We point out further that the
right-hand side of (6.25) is shown to be the gradient vector of the function F () on P with
respect to the canonical metric on S 201

By solving the equation

1 ¢ ¢

21 s —2'=0, k=1,...,2% (6.26)

PETR
with the constraint »_ uf = 1, we find that the critical point of 7,V F(Cy) is given by
w; =272 j =1,...,2% This shows that 7,V F(Cy) has no critical points in P, but has a
critical point (27¢2, ..., 27%%)T in the boundary of P. It then turns out that F is monotone on
P in the sense that it has no critical points in P.

We now consider the flow defined by

dﬂk ~ 1
- = 2F(,u)(z - 2‘3>uk. (6.27)
i M
The flow on P is approaching to (27%/2,...,27%?)T one of boundary points of P, to which

maximally entangled states are mapped by . Further, equation (6.27) is extended to
the boundary of P, and the boundary is invariant under the flow. For example, if u; =
MUy > -+ > lye > 0, the condition ; = u, is shown to be invariant under the flow, and the
flow is approaching to the boundary point (272, ..., 272" If g > -+ > o > pye =
0, the flow is approaching to a boundary point (2=¢=D/2 2-¢=D/2 )T,

6.4. A summary of section 6

Theorem 4. With respect to the bipartite partition (C*)®" = C* @CY =~ 2 of an n-qubit
system withn = £ +m, { < m, the sets of separable states and maximally entangled states
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Sform submanifolds given by (6.5) and (6.6), respectively. The function F(C) = det(l — CC*)
defined on the state space serves as a measure of entanglement, which attains the minimal
and maximal values on the sets of the separable and maximally entangled states, respectively.
The measure function F is monotone in the sense that F has no critical points in the principal
stratum M. The orbit space G\M for the principal stratum is diffeomorphic with an open
submanifold P ofSZM’l, as is given in (6.7) and (6.8), and the Riemannian metric defined on
P through the submersionw : M — P is isometric with the canonical one on S 271 pestricted
to P. F projects to a function F on P, which is continuously extended to the boundary of P.
With respect to the metric on P, the distance between the set F~1(0) and the set F~'(k) with
0<k < ((2‘Z — 1)/2‘3))26 is given by (6.15), which then implies that the state C with F(C) = k
is distant from the separable states by the amount given in (6.15).

As long as the sets of separable states and maximally entangled states and the distance are
concerned, this theorem covers the results in the preceding sections. In particular, if £ = 1,
the amount given in (6.15) is equal to % arcsinr with r = 2./det(CC*) = 2k.

7. Concluding remarks

We make remarks on invariants for U (2%) x U(2") action. For A = (g i) € C* 2| the
characteristic polynomial det(A/ — A) is expanded into
2(
det(Al — A) = Z(—l)"gok(A)x", (7.1)
k=0
where ¢p(A) = detA and ¢y_1(A) = trA, in particular. ¢; are known as invariants
for the GL(2%,C) action, A — gAg~',g € GL(2! C). We take A = CC* in (7.1).
Since det(Al — CC*) is invariant under the U (2%) x U(2") action, C — gCh”, (g, h) €
U@2% x U(@2™), the coefficients, ¢, (CC*), of A¥ are invariant as well. Thus we have 2°
non-trivial invariants, ¢, (CC*), k = 0, ..., 2% — 1, with respect to the U (2°) x U (2"™) action.
Two of ¢ (CC*) are go(CC*) = det(CC*) and @yc_1(CC*) = tr(CC*). The function F(C)
we have worked with in this paper is expressed, in terms of these invariants, as
F(C) =det(I — CC*) =det(CC*) — o1 (CC*) + -+ -+ pp_»(CC*), (7.2)
where we have already taken into account the constraint g (CC*) = tr(CC*) = 1.
We make further comments on W-states and GHZ-states. For a three-qubit system, the
GHZ-state and W-state are given by and belong to

5 (1000) +[111)) € Mo, (7.3)
\L@(|001) +1010) + [100)) € My, (7.4)

respectively.  This means that the GHZ-state is maximally entangled with respect to
(C*)® = C? ®@ C*, but the W-state is not. For a four-qubit system, we have two bipartite
partitions. With respect to (C?)®* = C? ® C8, the GHZ-state and W-state are given by and
belong to

\/LE(|OOOO) +|1111)) € My, (7.5)
%(|0001) +10010) + |0100) + [1000)) € M|, (7.6)

respectively, where M, and M, are the sets of states with u; = o = 1/+/2 and with
1 > py > 0, respectively. Equations (7.5) and (7.6) mean that the GHZ-state is maximally
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entangled, but the W-state is not. In contrast with this, with respect to (C*)®* = C*® C*, one
has

25(10000) + [1111)) € My, (7.7)

1(10001) + [0010) + [0100) + [1000)) € M;, (7.8)

where M7 denotes the set of C with singular values such that ©u; = pur > 3 = ug = 0.
This means that neither the GHZ-state nor the W-state is maximally entangled with respect to
(CH®* = C* @ C*.

In conclusion, we remark on bipartite and multipartite partitions. Though we have fixed
£ and m in partitioning the n-qubit, there are many bipartite partitions of the n-qubit, if £ and
m are not fixed. If £ and m are varied under the condition ¢ + m = n, we have a variety of
sets of separable states and maximally entangled states, according to the variation of bipartite
partitions. We could have started with a multi-partite partition C> ® - -- ® C? with local
transformation group U (2) x --- x U(2) and other types of partitions. In this line of thought,
we would like to refer to [15-23]. In particular, the space of the three-qubit entanglement
types, Sls/(U(Z) x U(2) x U(2)), is identified in [21].
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